Let R be a local commutative noetherian ring and HKR the homology ring of the corresponding Koszul complex. We study the homological properties of HKR in particular the so-called Avramov spectral sequence. When the embedding dimension of R is four and when R can be presented with quadratic relations we have found 102 cases where this spectral sequence degenerates and only three cases where it does not degenerate. We also determine completely the Hilbert series of the bigraded Tor of these HKR in tables A-D of section 5. We also study some higher embedding dimensions. Among the methods used are the programme BERGMAN by Jörgen Backelin et al, the Macaulay2-package DGAlgebras by Frank Moore, combined with results by Govorov, Clas Löfwall, Victor Ufnarovski and others.
Introduction and Main Theorem
Let (R, m, k) be a local commutative noetherian ring with maximal ideal m and residue field k = R/m. Let x = (x 1 , x 2 , . . . , x n ) be a minimal set of generators of the maximal ideal m. The Koszul complex of R is the exterior algebra ⊕ n i=0 Λ i R n of a free R-module of rank n equipped with the differential:
It will be denoted by K(x, R) or KR since it is essentially independent of x. It is a differential graded algebra and its homology algebra HKR is a skew-commutative graded algebra over k. In the case that R can be represented as a quotient of a regular local ring (R,m) as R =R/a, where a ⊂m 2 (passing to a completion of R we can always assume that this is the case for the problems we are studying), we have that HKR is isomorphic to a Tor-algebra:
HKR ≃ TorR * (R/a, k)
This algebra HKR has been studied in various special cases by many authors: it is an exterior algebra if and only if R is a local complete intersection; it is a Poincaré duality algebra it and only if R is a Gorenstein local ring [A-G] and if R is a Golod ring then the square of the augmentation ideal of HKR is 0 (the converse is however not true, even for rings with monomial relations [KAT] ). But the general structure of HKR (and in particular its homological properties) can be very complicated, even if R is a Koszul ring as we will see below. The aim of the present paper is to combine different methods towards studying HKR. We will illustrate our methods on very precise examples, thereby discovering some new unexpected phenomena. We note that HKR is graded, and one of our aims is to determine the double series
|Tor HKR p,q (k, k)|x p y q (where |V | denotes the dimension of a k-vector space V ) for most (probably essentially all) quadratic rings R of embedding dimension 4: Let P R (z) = n≥0 |Tor R n (k, k)|z n . We will see that with the exception of three explicit cases we have Φ R (z, z) = P R (z)/(1 + z) 4 . This last equality can be expressed by saying that the so-called Avramov spectral sequence degenerates. Recall that this spectral sequence [AV1, formula (6.2.1) ], is as follows for any local ring R
In particular there is a coefficientwise inequality ≪ of formal power series
where m is the embedding dimension of R. Of the three exceptional cases in embedding dimension 4, two are Koszul rings with Hilbert series 1 + 4z + 3z 2 and (1 + 3t − 2t 3 )/(1 − t) respectively. In these two cases HKR is far from being a Koszul ring, indeed for the first case the bigraded Ext-algebra Ext * HKR (k, k) has also generators in bidegrees (3, 8) and (3, 9) . Since there are other Koszul rings having the same series 1+4z +3z 2 without this strange behaviour, we have here isolated new homological invariants even for Koszul rings. Let us recall that the Avramov spectral sequence always degenerates in embedding dimension ≤ 3 and for higher embedding dimensions a consequence of it can be expressed by saing that HKR and its so-called Massey products determine P R (z). The converse is not true and the present paper shows that by studying the homology of HKR directly we sometimes obtain interesting invariants for R. Our methods also show e.g. that for the ring k[x, y, z, u]/(x 2 , xy, yz, zu, u 2 ) the Avramov spectral sequence does degenerate, despite the fact that there is no differential algebra structure on the minimal resolution of the ideal (x 2 , xy, yz, zu, u 2 ) over k [x, y, z, u] , thereby answering a question by Avramov in [AV1] in the negative. We will use a very useful package DGAlgebras (written by Frank Moore [MOO] ) which runs under Macaulay2. This package gives in particular an explicit presentation with generators and relations for HKR, when you read in the ring R. This presentation will then be analyzed, using results by Clas Löfwall [L1] (the cube of the augmentation ideal of HKR is often 0), Jörgen Backelin et al [BA] (the programme BERGMAN), Victor Ufnarovskij (how to use BERGMAN for determining Hilbert series of noncommutative graded algebras, where some of the generators have degrees > 1) and others. In the tables of Appendix 1 we have described 83 different cases of the double series (2) P R (x, y) = p≥0,q≥0 |Tor R p,q (k, k)|x p y q when R is a quotient of a polynomial ring k [x, y, z, u] with an ideal generated by quadratic forms in (x, y, z, u) .
(Note that the previous P R (z) = P R (z, 1).) We have probably obtained all different such cases, but inside each case there are sometimes variations due to the behavior of HKR, described in tables A,B,C,D of section 5 below. (this is like the periodic table of the elements, where we also have isotopes). Examples of this are the cases 46, 63 and 71. More precisely here is our MAIN THEOREM Let R = k[x, y, z, u]/(f 1 , f 2 , . . . , f t ), where k is a field of characteristic 0 and the f i :s are quadratic forms in the variables x, y, z, u and P R (x, y) is given by (2) above. Then there are 83 different cases known for the P R (x, y) (they are given in Appendix 1). Inside each of these cases P R (x, y) there are sometimes "isotopes" having different homological properties of the homology algebra HKR of the Koszul complex. In total there are 22 such extra "isotopes" known, the most extreme case of P R (x, y) is case 71 which is a Koszul algebra, but which has 4 extra isotopes. With the exception of three of these 105 = 83 + 22 cases we have that Φ R (z, z) = P R (z)/(1 + z) 4 (i.e. the so-called Avramov spectral sequence degenerates). The three exceptional cases being a) Case 63ne (an isotope of Case 63) given by the ideal (x 2 , xy, xz + u 2 , xu, y 2 + z 2 , zu) and where
(1 + z) 4 /P R63ne (z) − 1/Φ 63ne (z, z) = z 7 (1 + z)/(1 − z + z 2 ) b) Case 71v16 (an isotope of Case 71) given by the ideal (xz + u 2 , xy, xu, x 2 , y 2 + z 2 , zu, yz) and where
c) Case 60va given by the ideal (x 2 + yz + u 2 , xy, zu, z 2 , xz + yu, xu) and where
Note that a) and b) are Koszul rings. We have also calculated the two-variable Φ R (x, y) for the 105 cases. The results are given in tables A-D section 5 and the methods used for this are mentioned in section 5 In section 1 we start with case a) of the Main Theorem as a typical example of the calculation of HKR and its homological properties. In sections 2 and 3 we treat the cases c) and b) of out Main Theorem. Section 4 solves a question of Avramov and in section 5 we give the tables (tables A-D just mentioned) where hopefully all cases of Φ HKR for the embedding dimension 4 cases (quadratic relations) have been calculated. We assume characteristic of k to be 0 throughout except in section 6 where we present conjectures and some results for the higher embedding dimension cases.
We finally wish to thank Clas Löfwall, Jörgen Backelin and Victor Ufnarovski for stimulating discussions.
1. A Koszul ring in 4 variables with 6 relations which is exceptional Recall first that if HKR is the homology of the Koszul complex of a ring R of embedding dimension m as in the introduction, then there is a spectral sequence (the Avramov spectral sequence [AV1] )
where we have equality if and only if the spectral sequence degenerates. Let us now consider the ring
. This is the case a) of the main theorem above. The Koszul dual of this ring is
and the Gröbner basis of this ideal is quadratic if we use the ordering of the variables Y, U, Z, X. Thus R is a Koszul ring and its Hilbert series is (1 + 3t − 2t 3 )/(1 − t). However, the homology of the Koszul complex of R, namely HKR and its homology are rather complicated: We now use the Macaulay2 package DGAlgebras with the input file: loadPackage(''DGAlgebras'') R=QQ [x,y,z,u] /ideal(x*z+u^2,x*y,x*u,x^2,y^2+z^2,z*u) res(ideal R); betti oo res(coker vars R,LengthLimit => 7); betti oo HKR=HH koszulComplexDGA(R) generators HKR for n from 1 to length(generators HKR) list degree X n ideal HKR I=ideal(vars HKR) I^2; trim(oo) I^3; trim(oo) res(coker vars HKR,LengthLimit => 4); betti oo
From the output file of this we get first the important fact that the algebra HKR has the cube of its augmentation ideal I = HKR equal to 0. This first result is useful for determining the homological properties of HKR, in particular for determining the series
Indeed, we can now use a general result by Clas Löfwall, which essentially says that many homological properties of a graded algebra, whose augmentation ideal has cube 0 are determined by its Hilbert series and the subalgebra of the whole Ext-algebra generated (under Yoneda product) of the Ext 1 (k, k). More precisely, the theorem 1.3 on page 310 of [L1] (note that the citation page 19 in this Theorem should be page 309 loc.cit.). This theorem says that in our special case with the notations of loc. cit. our Φ R (x, y) of (1) is equal to the Löfwall P HKR (x, 1, y, 1)) and the Löfwall formula gives
where H A (x, y) is the Hilbert series in two variables of the algebra A which is the subalgebra generated by Ext
This algebra is equal to the Koszul dual of HKR, which can be presented as
where T is the tensor algebra on (I/I 2 ) * which is the k-vector space dual of I/I 2 and (im(I/I 2 ⊗I/I 2 → I 2 ) * ) is the twosided ideal in T generated by the dual of the image of the natural multiplication map of HKR. It is thus natural to write HKR ! instead of A and we will often write the preceding formula as
where HKR(x, y) is the Hilbert series in two variables of HKR. We now use this result and continue the analysis of the output file. The formula (3) shows that to get Φ R (x, y) we need the Hilbert series A(x, y) = HKR ! (x, y) of A and the two Hilbert series H I/I 2 (y) and H I 2 (y), the most difficult part being the determination of A(x, y) and we start with that. We see that that we can determine a presentation of HKR in our special (and typical) case as having 6 generators X 1 , . . . , X 6 of degree (1, 2), 6 generators X 7 , . . . , X 12 of degree (2, 3) and one generator X 13 of degree (3, 4) (here the second element of these pairs of degrees comes from the grading of R and will be ignored), satisfying the following quadratic relations:
X 6 X 12 , X 5 X 12 , X 2 X 12 , X 1 X 12 , X 6 X 11 − X 4 X 12 , X 5 X 11 − X 3 X 12 , X 1 X 11 , X 6 X 10 , X 5 X 10 , X 4 X 10 , X 2 X 10 , X 1 X 10 , X 6 X 9 , X 5 X 9 , X 4 X 9 , X 3 X 9 + X 4 X 12 , X 2 X 9 , X 1 X 9 , X 6 X 8 , X 5 X 8 − X 4 X 12 , X 4 X 8 , X 3 X 8 + X 4 X 11 , X 2 X 8 , X 1 X 8 , X 6 X 7 , X 5 X 7 , X 4 X 7 , X 3 X 7 + X 2 X 11 , X 2 X 7 , X 1 X 7 , X 6 X 13 , X 5 X 13 , X 4 X 13 , X 2 X 13 , X 1 X 13 , X 12 X 12 , X 11 X 12 , X 10 X 12 , X 9 X 12 , X 8 X 12 , X 7 X 12 , X 10 X 11 + X 3 X 13 , X 9 X 11 , X 8 X 11 , X 7 X 11 , X 10 X 10 , X 9 X 10 , X 8 X 10 , X 7 X 10 , X 9 X 9 , X 8 X 9 , X 7 X 9 , X 8 X 8 , X 7 X 8 , X 7 X 7 , X 12 X 13 , X 11 X 13 , X 10 X 13 , X 9 X 13 , X 8 X 13 , X 7 X 13 Now, using these relations we get that the Koszul dual A of HKR is the quotient of the free associative algebra k < Y 1 , . . . , Y 13 > on the dual generators Y i of the X i with the ideal generated by 
which occur in the Avramov spectral sequence it is sufficient to determine the Hilbert series H A (x, x) of A, i.e. to give the variables Y i (i = 1, . . . 6) the degree 2, the variables Y i (i = 7, . . . 12) the degree 3 and the variable Y 13 the degree 4, keep the relations as above and use the following Lemma that Victor Ufnarovski has been kind to communicate to me: LEMMA (Ufnarovski) Let A be a graded algebra which is quotient of a free algebra with n generators Y i of degrees d i ≥ 1 by an ideal I = (f 1 , . . . , f m ) which is homogeneous with respect to the given grading. Let now B be a new graded algebra obtained from A as follows: Introduce a new variable t of degree 1 and new variables Z i of degrees 1, and let B be the quotient of the free associative algebra on the variables t, Z i with the "same" ideal as in A, but where we have replaced each Y i by t di−1 Z i . Then we have the following relation between the Hilbert series of A and B:
i.e. we can reduce the calculation of A(z) to the calculation of B(z) which can be done directly in BERGMAN since all generators of B have degree 1.
The proof of the Lemma will be given at the end of this section.
Remark.There is an analogous result in Ufnarovski's book [U] , Lemma on page 141. We now continue with the proof of case a) of our main theorem:
We follow the recipe of the Ufnarovski Lemma. Recall that the variables Y i of degree (1, 2) should now be considered to have degree 2 etc.
We introduce a new variable t of degree 1 and replace the variables Y i above as follows:
where the new Z i :s are given the degree 1. Now the algebra A becomes the quotient of the free associative algebra in 14 generators of degree 1: 
It remains to calculate H B (z). For this we can now directly use BERGMAN on the following input file which we call inbcaseB (we have written xi instead of Z i ): x2,x3,x4,x5,x6,t,x7,x8,x9,x10,x11,x12,x13; t*x2*t*x3-t*x3*t*x2,t*x3*t*x4-t*x4*t*x3,t*x3*t*x5-t*x5*t*x3, t*x4*t*x5-t*x5*t*x4+t*x3*t*x6-t*x6*t*x3,t*x3*t^2*x10+t^2*x10*t*x3, t*x3*t^2*x11+t^2*x11*t*x3, t^2*x11*t^2*x11,t*x3*t^2*x7+t^2*x7*t*x3-t*x2*t^2*x11-t^2*x11*t*x2, t*x5*t^2*x11+t^2*x11*t*x5+t*x3*t^2*x12+t^2*x12*t*x3, t^2*x10*t^2*x11+t^2*x11*t^2*x10-t*x3*t^3*x13+t^3*x13*t*x3, t*x3*t^2*x8+t^2*x8*t*x3-t*x4*t^2*x11-t^2*x11*t*x4, t*x4*t^2*x12+t^2*x12*t*x4+t*x6*t^2*x11+t^2*x11*t*x6+t*x5*t^2*x8+ t^2*x8*t*x5-t*x3*t^2*x9-t^2*x9*t*x3;
The following command in BERGMAN: (ncpbhgroebner ''inbcaseB'' ''t1'' ''t2'' ''t3'') gives after a few seconds t3, i.e. the Hilbert series for B in degrees ≤ 20 and ≥ 2, so that
leading to the guess (alternatively using the maple command convert('',ratpoly) on the previous formula (6) ) that
But this is not a proof. To get a proof we will analyze the file t1, i.e. the groebner basis of the ideal in B. For the ordering of the variables we have given in inbcaseB this groebner basis is infinite. But, at my request some time ago Jörgen Backelin wrote an addition permutebreak.sl to the programme BERGMAN which checks the groebner bases up to a certain given degree of the different permutations of the variables of a given input to the programme BERGMAN. In the present case this seems rather discouraging in view of the fact that 14! = 87178291200 but rather immediately we see that switching the variables x2,x3 to x3,x2 in the vars line of inbcaseB gives a finite groebner bases (in degrees ≤ 8. Even better: after a short time with breaking degree 12, checking about 2700 cases, we obtain that the ordering x1,x2,x4,x5,x6,t,x3,x7,x8,x9,x10,x11,x12,x13 gives a finite groebner bases with 4 elements of degree 2, 6 elements of degree 3 and 2 elements of degree 4. We therefore get 12 leading monomials in the free algebra and the general structure of the Hilbert series follows from Govorov ([GOV] ,Theorem 2) and the formula (7) follows. Now the formula (5) gives that
and now to use the Löfwall formula we only need to observe that I 2 is equal to
and I 3 = 0 so that
Now, since R is a Koszul ring with Hilbert series P R (z) = 1+z 1−3z+2z 3 given above, it follows in particular that if the Avramov spectral sequence degenerated, we would have had
shows that this is not the case (there is a non-zero Massey product in KR of degree 7).
Remark: In the last section we will see how to calculate the series of Φ R (x, y) using the extra degree in HKR coming from the Koszul homology. There is also a third degree, coming from the grading of R, that we will not use.
PROOF OF THE UFNAROVSKI LEMMA (UFNAROVSKI): We need the theory of n-chains [U] of an algebra such as
. . are the generators of A, and H X (z) = z di is the Hilbert series (i.e. the generating series) of X, and where C 1 =the leading terms of the relations f i (we use the deglex order) and H C1 (z) is the generating series of C 1 , similarly for the n-chains C n for n ≥ 2. We now introduce an auxiliary algebra D which I write
Now if the order is deglex such that
For this algebra D we have the new X ′ = X {t, Z 1 , . . . , Z n } and the new
but the higher C i for i ≥ 2 are the same. It follows that
On the other hand, consider the order
We have that Y i can be replaced by t di−1 Z i and we get the algebra
where the relations g i are obtained from the f i by replacing all Y i by t di−1 Z i Clearly H B (z) = H D (z) and the lemma is proved.
One more exceptional case.
This case will be treated as in section 1 so we can be more brief here. The is the case c) in the main Theorem of section 0 i.e. the ring
and an applications of the programme DGAlgebras gives again that the algebra HKR 60va has the cube of the augmentation ideal HKR 60va equal to 0. Furthermore we have 6 generators X 1 , . . . , X 6 of degree (1, 2) and 5 generators X 7 , . . . , X 11 of degree (2, 3) satisfying the following quadratic relations:
X 10 X 11 , X 9 X 11 , X 8 X 11 , X 7 X 11 , X 10 X 10 , X 9 X 10 , X 8 X 10 , X 7 X 10 , X 7 X 9 , X 8 X 8 , X 7 X 7
Now, using these relations we get that the Koszul dual of HKR is the quotient of the free algebra k < Y 1 , . . . , Y 11 > on the dual generators Y i of the X i with the ideal generated by
Here we have again written e.g. 
where the Z i :s also have degree 1. Now the algebra A becomes the quotient of the free algebra in 12 generators of degree 1: k < Z 1 , . . . , Z 6 , t, Z 7 , . . . , Z 11 > with the ideal (9) 
etc. If the new algebra is denoted by B and the old one by A, then by the theory of Ufnarovski we have the following relation between their Hilbert series:
It remains to calculate H B (z). After these preparations we are now ready again to use the programme BERGMAN and the command in BERGMAN (ncpbhgroebner ′′ inbcaseB ′′ ′′ t1 ′′ ′′ t2 ′′ ′′ t3 ′′ ) After a few seconds we get t3 (i.e. the Hilbert series for B) in degrees ≤ 20 and ≥ 2 and we obtain with maple
and the maple command convert(S, ratpoly) on the previous series gives the rational function:
Here is again how one should proceed to get a proof of this formula. If we can find a permutation of the 12 variables in inbcaseB so that the groebner basis t1 is finite, then the Hilbert series of B is equal to the Hilbert series of the free algebra on the 12 variables divided by the ideal generated by the monomial leading terms of this finite groebner basis, and this last Hilbert series is rational of a special form according to Govorov. Again we use Jörgen Backelin's addition permutebreak.sl to the programme BERGMAN and we obtain that the order of the variables x3, t, x1, x2, x5, x6, x4, y8, y7, y9, y10, y11 gives a finite groebner basis with 6 elements of degree 4, 9 elements of degree 5 and 3 elements of degree 6. We therefore get 18 leading monomials in the free algebra and the general structure of the Hilbert series follows from Govorov ([GOV] , Theorem 2) and the formula (9) follows. We have now all we need to prove the following
2 ) It follows that the Avramov spectral sequence does not degenerate (the two series differ starting in degree 7).
PROOF: For the algebra HKR we have that the cube of the augmentation ideal HKR is zero. Furthermore the rational function 1/HKR ! (z) is given by the formula (9) above and the two-variable form of the Hilbert series of HKR is given by the formula
This gives the one-variable Hilbert series H(−z, z) and the formula
gives the result i).
To prove ii) we first observe that the
, where the X, Y, Z, U are the dual variables to x, y, z, u. There are only 24 permutations of the variables X, Y, Z, U and one sees that the order X, Y, U, Z gives in BERGMAN a finite Gröbner basis, and that 1/R
On the other hand the Hilbert series R(z) = (1 − 3z + 3z
3 )/(1 − z) = 1 + 4z + 4z 2 + z 3 + z 4 + z 5 + . . . and according to Theorem B.9 by Clas Löfwall (cf. page 310 of [R3] the ring R satisfies a condition M 3 so that we still have the formula 1/P R (z) = (1 + 1/z)/R ! (z) − R(−z)/z and this gives ii) and the assertion iii) follows.
3. One final exceptional case for a local ring that is artinian and a Koszul algebra. In section 4 we will treat a Koszul local ring (case 46) whose Koszul algebra has properties that show that the Avramov spectral sequence degenerates (solving a problem of Avramov) In section 2 we found a quadratic local ring (case 60va) whose Avramov spectral sequence does not degenerate. But case 60va is not a Koszul algebra. Now we pass to a case of a Koszul local ring (case 71) which has further rather unexpected properties and which is case b) of the Main Theorem.
THEOREM.-There are at least five local commutative rings having Hilbert series (1 + z)(1 + 3z) which are Koszul algebras and which have different homological properties. Furthermore for one of these five cases the Avramov spectral sequence does not degenerate.
PROOF: For the ring of case 71 in the Appendix 1 we have the presentation
But we also have three other rings which are Koszul algebras and have the same Hilbert series: But there remains one case R 71v16 which is very different from the preceding and leads to a new phenomenon. We now treat it in detail: The ring
is also a Koszul algebra and it has the same matrix of Betti numbers as R 71 but the algebraic behavior of its HKR is very different. It still has the cube of the augmentation ideal of HKR equal to 0, it has seven X 1 , . . . , X 7 generators of degree (1, 2) , eight generators X 8 , . . . , X 15 of degree (2, 3) and two generators X 16 , X 17 of degree (3, 4) and an applications of the programme DGAlgebras gives that these generators satisfy 128 quadratic relations of which however only the following 16 are non-monomial relations:
and since the following 6 quadratic monomials do not occur among the 128 relations:
it follows that the Koszul dual HKR ! is equal to the quotient of the free associative algebra on the 17 variables variables Y i , 1 ≤ i ≤ 17 (which are dual to the X i ) with respect to the ideal generated by the 16 quadratic relations:
Here [, ] means as before the graded commutator so that 
. The modified algebra A has generators of degree 1 and can be put into BERGMAN and its Hilbert series A(z) is related to HKR ! (z) by the Ufnarovski formula:
The calculations in BERGMAN gives after a few minutes A(z) up to degree 22, giving that 1/A(z) = 1 − 18z + 5z
indicating (using the maple command convert(-,ratpoly) as earlier) that
To prove this we use again the permutebergman addition by Jörgen Backelin to BERGMAN and we try to find a permutation of the variables T, Z i , i = 1 . . . 17 that gives a finite Gröbner basis when we calculate the Hilbert series of the algebra A. Since the number of permutations of 18 variables is 18!=6402373705728000 this seems to be a hopeless task, but after letting the programme run through only the 24000 first permutations (this took about an hour) we finally got the permutation Z1, Z3, Z4, Z6, Z7, T, Z2, Z5, Z8, Z9, Z10, Z11, Z12, Z13, Z14, Z15, Z16, Z17
for which the Gröbner basis is finite: it has 5 elements of degree 4, 8 elements of degree 5 and 3 elements of degree 6. Therefore, according to the result of Govorov the Hilbert series A(z) is rational as indicated. We have now all we need to prove the following THEOREM Let R = k[x, y, z, u]/(xz + u 2 , xy, xu, x 2 , y 2 + z 2 , zu, yz). Then R is a Koszul algebra with Hilbert series R(z) = 1 + 4z + 3z 2 so that P R (z) = 1/(1 − 4z + 3z 2 ). But HKR is far from being a Koszul algebra. Indeed: a)
2 ) so that
It follows again that the Avramov spectral sequence does not degenerate. PROOF: We have just determined 1/A(z) and it follows that
But the two-variable version of the Hilbert series of HKR is HKR(x, y) = 1 + 7xy + 8xy
This gives again a one-variable HKR(−z, z) = 1 − 7z 2 − 8z 3 + 3z 4 + 8z 5 + 3z 6 The formula by Clas Löfwall
and the Theorem is proved.
The other embedding dimension four cases.
We have just treated the three interesting cases of the Main Theorem in section 0. For the other cases we have that the Avramov spectral sequence does degenerate and they are treated in an analogous way. Here we will only treat case 46 in detail because it solves a problem that was left open in Avramov [AV1] . The case 46 in the ring k[x, y, z, u]/(x 2 , xy, yz, zu, u 2 ).
Application as before of the programme DGAlgebras gives that the algebra HKR has the cube of the augmentation ideal equal to 0 and that HKR has 5 generators X 1 , . . . , X 5 of degree (1, 2) and 4 generators X 6 , X 7 , X 8 , X 9 of degree (2, 3) . These generators have only quadratic relations and they are:
X 3 X 6 , X 2 X 6 , X 1 X 6 , X 9 X 9 , X 8 X 9 , X 7 X 9 , X 6 X 9 , X 8 X 8 , X 7 X 8 , X 7 X 7 , X 6 X 7 , X 6 X 6 so that the Koszul dual HKR ! is the quotient of the free algebra k < Y 1 , . . . , Y 9 > in the dual generators Y i of the X i with the ideal generated by since the permutation Z 1 , Z 2 , Z 3 , t, Z 4 , . . . , Z 9 of the variables in B gives a finite groebner basis (3 elements of degree 4, 4 elements of degree 5 and one element of degree 6).
We are now ready to calculate Φ(x, x) of our HKR. We have the formula of Löfwall
where we have just found that 1/A(z) = (1 − 10z + 3z
For the Hilbert series in two variables of HKR we observe that since
so that HKR(−z, z) = 1 − 5z 2 − 4z 3 + 3z 4 + 4z 5 + z 6 so that 1/Φ R (z) = 1 − 5z 2 − 4z 3 + 3z 4 + 4z 5 + z 6 too. But since R is a Koszul ring (quadratic monomial relations) with Hilbert series H R (z) = (1 + 3z + z 2 − z 3 )/(1 − z) we have that (Fröberg) P R (z) = 1/H R (−z) we have (1 + z) 4 /P R (z) = 1 − 5z 2 − 4z 3 + 3z 4 + 4z 5 + z 6 too and therefore the Avramov spectral sequence degenerates.
More precise Φ R (x, y)
In the preceding sections we have shown how to calculate Φ R (x, x) for some examples R. In this section we will given an indication about how to generalize this to the calculation of the double series Φ R (x, y). The complete calculation results for the quadratic embedding dimension ≤ 4 case are given in Tables A-D below. Let us illustrate these more precise calculations with the simple example of case 46 which we have just treated for the calculation of Φ R (x, x). Note first that the output file for the case 46 gives for the dimensions of the Tor HKR p,q (k, k) the integers: (4) where we replace x by z u for any integer u ≥ 1 and y by z :
is the Hilbert series of a new variant of the algebra A where all previous generators of degree s have been replaced by generators of degree s + u − 1. Now the Hilbertseries of A with generators of these degrees can still be calculated with BERGMAN. We illustrate this with the case 46 just treated when u = 31 The new input file for BERGMAN will therefore be:
(noncommify) (algforminput) vars x1,x2,x3,x4,x5,t,x6,x7,x8,x9; t^31*x1*t^31*x4-t^31*x4*t^31*x1,t^31*x2*t^31*x4-t^31*x4*t^31*x2, t^31*x1*t^31*x5-t^31*x5*t^31*x1,t^31*x1*t^32*x8+t^32*x8*t^31*x1, t^31*x4*t^32*x6+t^32*x6*t^31*x4,t^32*x6*t^32*x8+t^32*x8*t^32*x6, t^31*x4*t^32*x7+t^32*x7*t^31*x4+t^31*x2*t^32*x8+t^32*x8*t^31*x2, t^31*x5*t^32*x6+t^32*x6*t^31*x5+t^31*x1*t^32*x9+t^32*x9*t^31*x1;
Note that here the generators still all have degree 1 and BERGMAN now gives for this infile the inverse of its (1−(6+2y)xy+(9−y−9y 2 −9y 3 −4y 4 )x 2 y 2 −(1−6y+7y 2 +18y 3 +12y 4 +4y 5 )x 3 y 3 + y 2 , z 2 , zu + u Case 81 is Gorenstein 6. Higher embedding dimensions. Three examples. Many new phenomena come up in connection with higher embedding dimensions of local rings. Here we will just mention three very different cases of R = k[x, y, z, u, v]/J where the J is an ideal generated by quadratic forms in x, y, z, u, v
2 ) In all these three cases the resolution of J over k [x, y, z, u, v] Case I This is the case that Löfwall and I studied in [LR2] , which also solved an old problem (the "Opera case"). In [LR2] we proved that the Hilbert series of R ! is transcendental and different for all values of the characteristic of the field k. Similar results are true for HKR ! and the Avramov spectral sequence does not degenerate. We will just give a few indications below.
Case II In [R1] I found, inspired by Lemaire [LE] , a case of a local ring (R, m) where the Yoneda Ext-algebra Ext * R (k, k) was not finitely generated. Furthermore that R ! had global dimension 3. This is a variant of that example and similar assertions are true for HKR. Furthermore the Avramov spectral sequence degenerates.
Case III This is a variant of the first known example due to Anick [A] (cf also [LR1] ) where P R (z) is transcendental. Here HKR seems to have the same properties and the Avramov spectral sequence degenerates at least up to degrees 20.
More details: Case I. We apply as before DGAlgebras and obtain that HKR has the cube of the augmmentation ideal equal to 0. Furthermore HKR has 9 generators: five X 1 , X 2 , X 3 , X 4 , X 5 of degree (1, 2) , three generators X 6 , X 7 , X 8 of degree (2, 3) and one X 9 of degree (5, 7) . Furthermore these generators only satisfy 17 quadratic relations of which the following 9 are non-monomial relations:
and since the following 11 quadratic monomials do not occur among the 17 quadratic relations
it follows that HKR ! is the quotient of the free algebra on the 9 generators Y i (which are dual to the X i ) by the two-sided ideal generated by the 21 quadratic relations:
Here the graded commutators are as before and adding as before a new variable T giving a new algebra A generated in degree 1 such that
We find using BERGMAN that 2,3,5,11,13, etc . But characteristic 2 is slightly different. Important observation: The relations between the first 5 variables X i in HKR are the same in all characteristic:
But the quotient of the exterior algebra in five variables with these 3 relations has a homology with transcendental Hilbert series which is different for all characteristic (it is the "skew" counterpart of the present Case I for ordinary polyomial rings 
We now apply DGAlgebras and we obtain that HKR has five generators X 1 , X 2 , X 3 , X 4 , X 5 of degree (1, 2) , three generators X 6 , X 7 , X 8 of degree (2, 3) , one generator X 9 of degree (2, 4) , three generators X 10 , X 11 , X 12 of degree (3, 5) , three generators X 13 , X 14 , X 15 of degree (4, 6) and one generator X 16 of degree (5, 7) . Furthermore these generators satisfy 107 quadratic relations of which only the following four are non-monomial relations:
and since the following 16 quadratic monomials do not occur among the 107 quadratic relations:
it follows that HKR ! is the quotient of the free algebra on the 16 generators Y i (which are dual to the X i ) by the two-sided ideal generated by the 19 quadratic relations
Here [, ] means the graded commutator so that leading as before to
Furthermore the cube of the augmentation ideal of HKR is equal to zero, and the square of that ideal is generated by and thus H(−z, z) = 1 − 5z 2 − 4z 3 + 4z 4 + 6z 5 + 2z 6 so that
so the Avramov spectral sequence degenerates. Furthermore Ext * HKR (k, k) is not finitely generated. More details: Case III Now the ring is R = k[x, y, z, u, v]/(xz + yu, zu + uv, yv, z 2 , v 2 ). We have that
and the formula (it is still valid)
On the other hand DGAlgebras gives that HKR has five generators X 1 , X 2 , X 3 , X 4 , X 5 of degree (1, 2) , three generators X 5 , X 7 , X 8 of degree (2, 3) , one generator X 9 of degree (4, 6) and one generator X 10 of degree (5, 7) . Furthermore, these generators satisfy 29 quadratic relations of which only the following are non-monomial relations:
Since IHKR 3 = 0 and
It follows that HKR ! is the quotient of the free algebra on the ten generators Y i (which are dual to the X i ) by the twosided ideal generated by the 21 quadratic relations
where [, ] again means the graded commutator so that
Note that here the generators should have the degree 2,3,4,5 and we again apply the Ufnarovski trick introducing a new extra variable T and replacing everywhere Y i by T degYi−1 Z i gives a new algebra A with generators of degree 1, such that
Again BERGMAN give A(z) easily up to degree 20 and we get: This is Appendix 1 to our present paper (2015) about the homological properties of the homology of the Koszul algebra of codim ≥ 4 local rings. Part of this appendix was originally included as pages 86-95 in the volume "Syzygies and Geometry", october 7-8, 1995, AMS Special Session and International Conference, Northeastern University, Boston 1995, edited by Antony Iarrobino, Alex Martsinkovsky and Jerzy Weyman. But that volume had limited circulation, and here we present an update where furthermore hopefully all misprints in the tables have been corrected (I thank Aldo Conca for help with this).
Let k be a field (for simplicity we assume here that it is of characteristic 0), k[X 1 , . . . , X n ] the commutative polynomial ring in n variables over k and let f 1 , . . . , f t be quadratic forms in the X i :s. Consider the quotient ring
which is a graded vector space over k. If V is a vector space over k, we denote by
|R i |t i be the Hilbert series of R. In Tables 1-2 below you find a description of the 60 possible series R(t) when n = 4 (the "example" column in Tables 1-2 refers to the examples in Tables  3-7 below) .
Let Ext * R (k, k) = Ext * , * R (k, k) be the Yoneda Ext-algebra of R. This space is dual to Tor R * , * (k, k) and the second grading comes from the grading of R. In Tables 3-7 Tables 3-7 should be read in conjunction with Tables 1-2 and Table 8 which describes the relevant non Koszul cases. Let me be more precise: The sub-algebra of Ext * R (k, k) generated by Ext 1 R (k, k) is denoted by R ! and its Hilbert series by R ! (t). For so-called Koszul algebras R we have P R (x, y) = R ! (xy) which implies in particular (put x = −1, y = t) that In all cases for n ≤ 4, except one case, we have the formula (4) P R (x, y) −1 = (1 + 1/x)/R ! (xy) − R(−xy)/x, and in the only exceptional case (case 12 of Table 3 ) we have (5) P R (x, y) −1 = (1 − 1/x 2 )/R ! (xy) + R(−xy)/x 2 .
The Tables 3-7 give the Betti numbers as the programme MACAULAY presents them; thus the first horizontal line for each case gives the |Tor R i,i (k, k)|, the second line gives the |Tor R i,i+1 (k, k)|, etc. If the ring is a Koszul algebra there is only one horizontal line and if R(t) is given as e.g. H 2 (which happens in case 81), then the corresponding R ! (t) (which is determined by (3)) is denoted by e.g. A 2 . In the non Koszul cases we have special notations for the R ! (t) which are given explicitly in Table 8 , and we use the formula (4) and (in case 12) the formula (5) to get P R (x, y).
Among these 83 cases there are 68 depth 0 cases which are new (they are given in boldface in Tables  2-7 ) and 15 cases of positive depth which correspond to n ≤ 3 and which were known before [1] .
Furthermore Ext * , * R (k, k) and its subalgebra R ! are not only Hopf algebras, but also enveloping algebras of graded Lie algebras g * , * and η * . In [3, 4] the relations between the g * , * and η * are explained. The Lie algebras η * that correspond to Table 8 are either nilpotent (maximal degree of nilpotency is 4, which means that η 5 = 0 but η 4 = 0) or nice extensions of free Lie algebras (or product of two free Lie algebras) by nilpotent Lie algebras.
Remarks about the proofs:
In all the 83 cases the corresponding dual algebra R ! can be written down and it is a quotient of a free algebra in 4 variables with an ideal generated by quadratic elements. We now want to determine the Hilbert series of that quotient, i.e. R ! (t). For this we use the programme BERGMAN which calculates a Gröbner basis of that ideal. It turns out that in all the 83 cases we can find a suitable permutation of the variables for which this ideal has a finite Gröbner basis. Then it follows that the quotient has a rational series (Govorov and Backelin) . Let me illustrate this explicitly for the most complicated case in table 8, namely case 37. Here R 37 = k[x, y, z, u]/(x 2 , y 2 , xy − zu, yz − xu, (x − y)(z − u)). It follows that the Koszul dual R where k < X, Y, Z, U > is the free associative algebra in the dual variables X, Y, Z, U . When we plug this into BERGMAN we see that the correspondig ideal has an infinite Gröbner basis. However, using the permutebergman addition by Backelin to BERGMAN as described in [5] we see that the order of the variables (X,U,Z,Y) gives a finite Gröbner basis with 5 elements in degree 2, 2 elements in degree 3, 2 in degree 4, 1 in degree 5 and 1 in degree 6. Therefore the Hilbert series is rational and can be explicitly determined. Furthermore it is easy to see that the conditions L 3 are satisfied in all cases, except case 12 of Table 3 , where we have L 4 . This explains the formulae (4) and (5) . Our results are also related to the rational homotopy Lie algebras of CW-complexes [2] , [6] . For e.g. the ring 34 the nilpotency degree of η is 5.
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